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The aim of the  present paper i s  t h e  study of the question 

of the so-called t t in te rpola t ive  anomalyll f o r  minor planets.  

The notion of interpolat ive anomaly has been introduced 

by N. D. Moiseyev i n  h i s  work under reference (13, devoted t o  the  

descr ip t ion  of a new type of  averaged v a r i a n t s  of the  r e s t r i c t e d  

three body problem. This new type was designated by Moiseyev as  the 

l'interpolatively-averaged var iant t t  of the  r e s t r i c t e d  three body 

problem. It has a well known analogy wi th  the Delaunay-Hill avera- 

ged problem, of which it i s  a subs tan t ia l  generalization. 

The main feature  of t h i s  general izat ion i s  t h e  subs t i tu t ion  

of t h e  so-called Delaunay anomaly by a l i n e a r  combination of angu- 

l a r  expansion var iables  of a perturbation function selected on the 

* Trudy Gosudarstvennogo Astronomicheskogo I n s t i t u t a  imeni P. K .  
Shternberga (Transactions 
c a l  I n s t i t u t e ) .  

of t h 2  P. K. Shternberg S t a t e  Astronomi- 



2. 

b a s i s  of i n t e rpo la t ive  processing of the observation material ,  o r  

of t h e  examined minor p l ane t ' s  or comet's osculating elements, corres- 

ponding t o  var ious moments of some examined time in t e rva l .  A t  t he  same 

time, t h i s  processing i s  channelled toward searching f o r  a l i n e a r  com- 

b ina t ion  of t h e  mentioned angles, t ha t  would remain llalmost constant" 

over the  examined time in t e rva l .  I n  the present work we are  attempting 

t o  e s t ab l i sh  an in te rpola t ive  anomaly f o r  the first t e n  minor planets .  

I n  t h i s  context, the  present  paper may be considered as the  

first experiment i n  inves t iga t ing  the  p o s s i b i l i t y  of es tab l i sh ing  an 

" in te rpola t ive  anomaly" without which it i s  d i f f i c u l t  t o  have an opi- 

nion on t h e  p r a c t i c a l  app l i cab i l i t y  of t he  above-mentioned Ilinterpola- 

latively-averaged schemes11 of t h e  r e s t r i c t e d  three body problem, in t ro -  

duced by Moiseyev i n  the  work, t o  which reference has been made above. 

We s h a l l  u t i l i z e  i n  t h i s  work the  scheme of t h e  r e s t r i c t e d  

c i r c u l a r  problem of three  bodies:  Sun, Jupi te r ,  Asteroid, where the 

Sun i s  the  perturbing body, moving along a mean c i r c u l a r  o r b i t  w i t h  a 

rad ius  equal t o  the  grea t  semi-axis, and with an inc l ina t ion  and longi- 

tude of the o r b i t  plane 's  node eaual  t o  those of the mean e l l i p t i c a l  

o r b i t  of J u p i t e r  f o r  the year  1850, computed by H i l l .  The Asteroid i s  

the  perturbed body. 

# 1. UTILIZED OSCULAT I N G  EWJENTS SYSTEMS OF 
THE FIRST TEN MINOR PLANETS 

The systems of osculating elements f o r  the first t en  minor 

p lane ts ,  u t i l i z e d  for  the  computation of  in te rpola t ive  anomalies, a r e  

presented below. (See Tables i n  t h e  next and t h e  following pages). 



3. 



cu 
I 

x 

\: 
P 
.d 
d 
V w 

4. 



. 

Q- 



' I  

~2 

. 
6. 

. 



I- 

a m  
*' '9 

'CrD 
4 

10 In Ir) 1 3  v) u) 

7. 



I 

~ 

8. 

Here the  f irst  column indica tes  t h e  system number of the  oscu- 

l a t i n g  elements f o r  every a s t e ro id ;  the second column shows the oscula- 

t i o n  epoch. The t h i r d  column gives the  epoch of the  equinox, t o  whose 

e c l i p t i c  t h e  elements j3, & and i a re  re la ted .  The s ign ttelt, whenever 

it stands near t h a t  epoch, ind ica tes  t h a t  t he  corresponding elements are 

r e l a t e d  t o  the  eauator.  Further we have : M, &(e),a ( e )  and 

upper index "e f t  

t e d  t o  the  eauator or  t o  the  e c l i p t i c .  

ceding Table, it i s  those osculating element systems t h a t  are c l e a r l y  

erroneous as a r e s u l t  of computations, though given i n  l i t e r a t u r e ,  of 

~ j ,  s;! and i t h a t  have been r e l a t e d  t o  e c l i p t i c s  of d i f f e r e n t  equinoxes. 

i (e). The 

a t  the  th ree  l a t t e r  i nd ica t e s  t h a t  they a re  e i t h e r  rela- 

But what i s  lacking i n  t h e  pre- 

# 2 UTILIZED ELEMENT SYSTEM OF TKE MEAN ELLIFTICAL 
ORBIT OF JUPITER 

This system of elements, computed by H i l l  f o r  the year 1850, i s  

presented below : 

e = 0.04825382, 
n = 299". 12837656, 

Ig a = 0.7162373716. ' 1850.0 I A= 159"56'25".05, 
?r 11 5426 .72, 
Q= 98 55 58 .16, 
i= 1 1841 .81. 

The system of elements of Jup i t e r ' s  o r b i t  was borrowed by u s  

from t h e  llAstronomical Yearbooktt. The elements b, Q, and i were 

ca lcu la ted  over again r e l a t i v e  t o  the e c l i p t i c  of t h e  year 1950.0 

equinox t o  be used as  a bas i s  f o r  fur ther  computations: 
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co=273 31 28 .O 1950.0 
Q= 99"46'42''.6 

i= 1 1829 . 2  I 
# 3 .  ON TiIE COMPUTATION OF AUXILIARY QUANTITIES 

I n  order t o  in te rpola te  the values of t h e  anomalies, i t  i s  necessa- 

r y  t o  know those of t h e  mean anomaly for  the var ious moments of time; of 

the angular distance of the per ihel ion f r o m t h e  node, s p e c i f i c a l l y  - from 

the node cf t h e  plane of t h e  a s t e r o i d ' s  o r b i t  i n  the o r b i t a l  plane of Jupi- 

t e r ,  and not i n  the  plane of the e c l i p t i c ;  

from the J u p i t e r ' s  radius-vector i n  the l a t t e r ' s  o r b i t a l  plane 

of nodes of t h e  o r b i t a l  plane of t h e  asteroid i n  t h e  o r b i t a l  plane of Ju- 

p i t e r .  Since a l l  the three  q u a n t i t i e s  are not avai lable  i n  the  Table brought 

out i n  # 1, we must proceed with t h e i r  computation. 

of the  node's longitude computed 

t o  the l i n e  

The first quant i ty-  the mean anomaly of the as te ro id  M - i s  obtai-  

ned by accounting f o r  t h e  number of revolutions made by t h e  minor planet  

from the moment of osculetion f o r  t h e  first system of i t s  elements, and by 

corresponding additions t o  the values M of multiples of 360'. 

A s  t o  the remaining two quant i t ies  - the angular distance of the  

per ihel ion from t h e  node w and the longitude of the node a - t h e  compo- 

s i t i o n  of a spec ia l  computing scheme f o r  them was made necessary, f o r  

these q u a n t i t i e s  W ,  ck a r e  given i n  the  tab le  of elements of minor pla- 

n e t s  r e l a t i v e  t o  the e c l i p t i c  plane, and not t o  t h a t  of J u p i t e r ' s  o r b i t ,  

and f o r  the  e c l i p t i c  of vai=loi.ia scj.;ln~xes. Th~s emerges *,he problem of 

t r a n s l a t i n g  these elements from the  e c l i p t i c  planes of d i f f e r e n t  epochs 

t o  t h e  plane of Jupi te r ' s  mean c i rcu lar  orb i t .  
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This problem i s  solved i n  two s t ages :  first of a l l  one must 

compute t k s e  elements r e l a t i v e  t o  t he  e c l i p t i c  of any one epoch, f o r  

example as  i s  now the  case, r e l a t i v e  t o  t h e  e c l i p t i c  of the  year  1950, 

then t r a n s f e r  these  elements f r o m t h e  e c l i p t i c  plane o f  t he  year 1950 

t o  t he  plane of J u p i t e r ' s  mean c i rcu lar  o r b i t .  I n  conformity with t h e  

computing schemes, such an operation, as we s h a l l  see i n  a moment, must 

not only be conducted with elements 0 and Q, but a l s o  with the  o r b i t  

i nc l ina t ion  i of t he  asteroid.  - 
The first half  of the problem i s  solved with t h e  a id  of the  

following formulae (see f o r  instance,  t h e  book by A. Ya. Orlova and 

B. A .  Orlova [2]) : 

where t h e  values of the  coe f f i c i en t s  - a and 5, 
t i t y  - c ,  

of the  book referred-to c2]. 

and a l so  of t h e  man.- 

a r e  given f o r  d i f f e r e n t  equinoxes i n  Table VII, a t  the  end 

With t h e  help of the obtained values of a(&,,, @$ Q if.1 

one may a l so  resolve the  second pa r t  of the problen. We s h a l l  examine 

f o r  t h a t  purpose the  spherical  t r iangle  formed on the c e l e s t i a l  sphere 

by t h e  l i n e s  of i n t e r sec t ion  with it of t h e  e c l i p t i c  planes, of Zupitei-!s 

mean c i r c u l a r  o r b i t  and of t h e  osculating o r b i t  of t he  a s t e ro id .  (Fig. 8) .  



. 
11. 

a' 

Fig. 8 

EE' - Posi t ion of the e c l i p t i c  i n  the year  1950 ; a - point of t he  
spring equinox; 
Q j  - Node of J u p i t e r ' s  mean o rb i t  ; 
Posi t ion of the osculating plane o f  the a s t e r o i d ; R -  Perihel ion of 
t h e  o r b i t  of t h e  a s t e ro id ;  a,- as te ro id  o r b i t ' s  node s i tua t ed  i n  t h e  
e c l i p t i c  ; R2- as te ro id  o r b i t ' s  node s i tua ted  i n  t h e  mean o r b i t a l  plane 
of J u p i t e r  ; as, L,, or- elements character iz ing the  pos i t ion  relative 
t o  J u D i t e r l s  mean c i r c u l a r  o r b i t  of t h e  osculat ing plane and of the 
e l l i p s e  of a s t e ro id ' s  o rb i t  ; st - elements character iz ing the  pos i t ion  
r e l a t i v e  t o  the  e c l i p t i c  of t h e  osculating plane,  and the  e l l i p s e  of t h e  
o rb i t  of t he  asteroid.  il dnazq . 

11' - pos i t ion  of J u p i t e r ' s  mean o r b i t a l  plane ; 
ij - i t s  inc l ina t ion ;  AA1 - 

From the  spherical  t r i a n g l e  @, ,Q2,8j one may determine the  

quan t i t i e s&,  w1 -02 and i2 by means of t h e  following spherical  

trigonometry formulae : 

T L - k  provides the poss ib i l i t y  of computing the values  w ,  i and 2- - 
searched for .  The l a t t e r  i s  obtained I"i;Oiii t h e  fSrx?la 8) 

where u 

moving along a c i r c l e ) .  

= Q2- ur 
J 

i s  t h e  argument of Jup i t e r ' s  l a t i t u d e  (which we assume t o  be j 
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#4. UTILIZED SYSTEMS OF OSCULATING A N G U M  ELEMENTS OF 
THE FIRST TEN MINOR PLANETS 

BROUGHT TO THE SAME FORM 

The thus car r ied  out computations gave the following elements : 

Table 2 

1 
2 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

9.** 3 
-t 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

1 

21 
22 

291O.506 
290 .766 

1 680 .327 
4121 .033 
4433 .381 
4433 .306 
4433 .370 
9073 .886 
9 670 .340 

10056 .684 
11 070 .032 
11 156 .080 
11 171 .511 
11 830 .302 

41" .274 
100 .078 
100 ,436 
133 .612 
646 .250 
647 .854 

1 933 .391 
2208 .096 
5307 .777 
8711 .659 
8 977 .583 
9110 .I88 
9 418 ;704 
9619 .753 
9683 .821 

10222 .360 
10685 .220 
10788 .968 

,11084 .962 
11461 .274 

349" .301 
762 .386 
762 .739 
844 .553 

1256 .978 
1 504 .202 
1616 .638 
2151 .724 
5044 .416 
5044 .416 
8188 .600 
9317 .957 
9 570 .988 

10382 .951 , 

11042 .I30 
11 357, .958 
11459 .895 
11 582 .905 
11684 .MI 
12198 .55L 

10066 .4447 

10808 .402:c 

N I .  U e p e p a  (CE.PEJ) 

62" .761 + 1406".408 
63 .420 1406 .339 
64 .950 + 866 .I21 
65 .324 - 81 .499 
65 .723 
65 .737 
65 .727 
66 .I49 
69 .208 
68 .918 
69 .647 
68 .511 
68 .500 
67 .239 , 

N 2. n a a n  
306' .961 
306 .696 
306 .425 
306 .416 
306 .364 
'306 .436 
306 .IO9 
306 .I13 
306 .747 
306 .788 
307 .791 
307 .426 
307 .588 
307 .473 
307 .325 
307 .060 
307 .635 
307 .927 
308 .061 
307 .793 

202 ,906 
202 *912 
202 .912 

2004 .923 
2237 .830 
2387 .270 

b 2780 .080 
2814 .347 
2820 .333 - 3075 .524 

9 a - C PAL&+&) 

+ 1464": 292 
1441 .451 
1441 .454 
1428 .487 
1228 .952 
1228 .980 
728 .685 + 621 .830 - 584 .539 

1908 .366 
2011 .816 
2063 .932 
2184 .206 
2262 .320 
2287 .227 
2496 .661 
2677 .235 
2717 .698 
2832 .731 

-2978 .813 
H3. IOHona - ( € u n o )  

236". 552 
236 .310 
236 . I81 
236 .408 

, 236 .391 
237 .748 
236 .692 
236 .M6 
237 .477 
237 .477 
239 .234 
240 .041 
239 .223 
239 .923 
239 .946 
239 ,949 
240 .I77 

. 239 .976 
239 .a33 
239 .723 
239 ,821 
240 ,663 

+ 1382'. 988 
1231 .232 
1231 .220 
1200 .967 
1049 .I50 
957 .98d 
916 .694 + 720 .143 - 344.444 
344 ,447 

1501 .831 
1917 .762 
2010 .171 
2192 -884 
2309 .316 
2465 .943 
2552 .002 
2667 .999 
2705 .393 
2750 .601 
2787 .834 -m ,697 

. 9O.389 
9 .389 
9 .399 
9 .380 
9 .381 
9 .378 
9 .378 
9 .384 
9 ,369 
9 .373 
9 .371 
9 .367 
9 .368 
9 .368 

34". 256 
34 .332 
34 .281 
34 .285 
34 .260 
34 .305 
34 .252 
34 .252 
34 .357 
34 .348 
34 .348 
34.381 
34 .388 
34 .382 
34 .38V 
34 .381 
34 ,447 
34.464 
34 .469 
34 .461 

12" .74V 
12 .736 
12 .739 
12 .739 
12 ,733 
12 .734 
12 .728 
12 .721 
12 .705 
12 .704 
12 .671 
12 .632 
12 .648 
12 .633 
12 .644 
12 .641 
12 .649 
12 .651 
12 .652 
12 .649 
12 .646 
12 ,613 



Table 2 (contin'd) 

8148 .999 
8340 .072 
8437 .I15 
8538 .591 ' 

8637 .001 
8PO7 .926 
8904 .537 
9000 .941 
9067 .263 

1 
2 
3 
4 
5 
6 
7 
8 
9 

IO 

1 
2 
3 
4 
5 
6 

a 7  
8 
9 

1 
2 
3 
4 
5 
6 
7 
8 
9 

i .  

1 
2 
3 

- 4  
.f( 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

216" .080 
216 -716 
811 .419 

1010 .113 
4878 .338 
4878 .342 
4876 .339 
4878 ,208 
6105 .231 

11627 .508 

3 18". 679 
318 .864 
318 .751 
318 .751 
666 .326 
666 .341 

1807 .014 
4904 .067 
5017 ,580 

275" .225 
275 .478 

2498 ,047 
5324 .339 
8323 .973 
9101 .095 
9215 .829 
9315 .352 
9907 .138 

f "  

330" .698 
330 .941 
526 .128 
526 .119 

5n49 .os9 
6685 .222 

* I  
I 

145".646 
145 .099 
145 .453 
145 .314 
146 . I94  
146 .I89 
147 .326 
I46 .222 
145 .671 
147 .309 

+ 1158".718 
1158 .791 
976 .688 + 915 .878 

268*. 137 
268 .857 
268 .I36 

f 643 .510 
-2334 .I12 

- 268 -137 

342" .446 
342 .333 
342 .410 
342 .413 
341 .688 
341 .681 
342 ,492 
342 .070 
342 .830 

+ 114O.424 
114 .395 
114 .401 + 114 .401 - 7 .070 

7 .067 
404 .957 

1485 .630 - 1524 .926 

233". 807 + 57O.194 1 233 .SI7 i- 57 .193 
233 .209 
233 .462 
233 ,891 
234 .559 
234 .641 
234 .719 
234 .724 

- 650 .988 
1551 .313 
2506 .655 
2754 .640 
2791 .I96 
2834 .435 

-3011 .447 

138". 159 
137 .936 
137 .857 
137 :859 
137 .861 
137 .553 
139 .411 
139 .529 
139 .826 
140 .058 
140 .054 
140 .003 
139 ,998 
139 .E94 
139 .880 

+ 164O.245 
164 .200 
103 .560 + 103 .562 

-1414 .855 
1922 .205 
2378 .256 
2437 .712 
2468 .I27 
2499 .701 
2530 .278 
2583 .466 
2613 .464 
2643 .318 

i r  -2673 I .317 
, :, ,. 

5" ,829 
5 .828 
5 ,829 
5 .828 
5 .822 
5 .822 
5 .831 
5 .861 
5 ,824 
5 .831 

4O.444 
4.446 
4.445 
4 . 4 4 5 ,  
4 .448/ 
4 .448 
4 . a 9  
4 .456 
4 .451 

13O.815 
13 .814 
13 .794 
13 .SI2 
13 .811 
13 .764 
13 .761 
13 .762 
13 .765 

6" .713 
6 .713 
6 .709 
6 .710 
6 .709 
6 .711 
6 .712 
6 .720 
(3 .731 
6 .733 
6 .733 
6 .732 
6 .732 
6 ,733 
6 .733 



Table 2 (end) 

279" .514 
280 .684 
279 .537 
280 .663 

1 
2 
3 
4 

1 
2 
3 
4 
5 
6 

I 
2 
3 
4 
5 
G 
7 
8 
9 

10 
11 

+ 14O.186 
-1565 .397 

2072 .304 
-2617 ;/71 ! I 

35". 837 
5765 .680 
7613 .404 
9590 .690 

11 .038 
11 .037 
11 .186 
11 .040 
11 .977 

144" .328 
145 .114 
145 .114 

1136 .944 
1137 .076 
1137 .218 

49 .384 
49 .383 

357 .855. 
357 .842 - 357 .894 

481O.591 
481 .532 

3531 .338 
4684 .331 
4991 .678 
4993 .536 
5221 .962 
5665 .099 
6066 .697 
6233 .586 
6739 .084 -_ 

306". 002 
305 .814 
310 .601 
310 .G26 
306 .247 
306 ,242 
306 .451 
306 .112 
306 .084 
307 .558 
311 .714 

+ 73O.162 -+ 73 .495 
-1362 .647 

1902 .242 
2045 .672 
2045 .752 
2152 .985 
2360 .763 
2550 .329 
2628 .960 

-2869 .710 

4".608* 
4 .627 
4 .612 
4 .624 

4O.515 
4 .515 
4 .514 
4 .518 
4 .503 
4 .519 

5" .098 
5.092 
5 .117 
5 .117 
5 .lo4 
5 .112 
5 .112 
5 .lo9 
5 .lo2 : :E. 

* TX average was taken from f ive  values of t he  system of 
osculating elements f o r  1348. I. 1.0. 

Given a re  i n  the  preceding Table: number of t h e  system of elements 

taken from # l ;  t h e  mean anomaly M, computed by t h e  above-described 

method f o r  t h e  osculation moment; 

from t h e  node of t h e  plane of as t - ro id ' s  o r b i t  i n  t h e  o r b i t a l  plane of 

J u p i t e r  ((3); 

bed method, and t h e  inc l ina t ion  of the plane of a s t e r o i d ' s  o r b i t  t o  the  

o r b i t a l  plane of J u p i t e r . ( i )  . 

the angular d i s tance  of t h e  per ihel ion 

- 
t h e  longitude of the  node , computed by t h e  just-descri-  



# 5. GENERAL REMARKS ON THE METHOD OF CONPUTATION 
OF INTERPOLATIVE ANOMALIES 

According t o  N. D. Moiseyev [l], the  quan t i t i e s  M, w ,  andQ 

a re  p a r t  of t h e  expression f o r  the in te rpola t ive  anomaly a s  fol lows:  r 

where sl, 4 and s3 are some constant coe f f i c i en t s .  

The oroblem of determining o r  e s t ab l i sh ing  the  in t e rpo la t ive  

anomaly 

t h a t  the  in t e rpo la t ive  anomaly p, determined by the  formula (3), remain 

llalrrost constant1I f o r  t h e  given as te ro id  during the  examined t i m e  i n t e r -  

consis ts  i n  so se lec t ing  the coef f ic ien ts  81, s2 d d  s3, 

val ,  encompassed by the  u t i l i z e d  systems of osculat ing elements. Such 

problems requires e i t h e r  s t a t i s t i c a l  processing of t he  system of oscu- 

l a t i n g  angular elements of the asteroid.  One of such possible  methods i s  

the standard method of l e a s t  smares .  Here w e  compose a conditional 

equation of t h e  form ( 3 ) ,  where the coef f ic ien ts  s1, 5 2  and S3, j u s t  a s  

a re  considered unknown. After t h a t  a corresponding system of normal 

emations i s  being composed, from which the most probable va lues  of 

SI ,9, s3 and p are derived. 

'The cor re la t ion  method f o r  numelous va r i ab le s  may serve a s  the  

second method f o r  t he  so lu t ion  of the same problem. Here formula (3) i s  

cnnsidere? as I- regression eauation with unknown coe f f i c i en t s  SI, s2 and 

s3. The equivalence of both methods i s  obvious. Indeed, i n  both cases  

considered i s  the  minimum of c e r t a i n  sum S,which i n  our case i s  eaual  t o  

. ./. . 
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- -  
M y  w a n d x a r e  the mean values of our a u a n t i t i e s  Mg , cJg a n d R g ;  

g i s  the number of t h e i r  values borrowed from the  i n i t i a l  Table. 

Table of #, 4 i s  i n  our case such a t a o l e  f o r  each of the exami- 

ned t e n  asteroids .  

Rather than apply i n  t h e  present work one of the two above-indi- 

cated methods of determination of the q u a n t i t i e s  5, s2, s3 

s h a l l  make use here of a cer ta in  combination of both methods, leading t o  

t h e  objective the quickest possible way: 

exis tence of a general  and p a r t i a l  correlat ive l i n k  between the  quanti- 

t i e s  My U, 6t and t o  coxpute the coef f ic ien ts  sl, s2, s3 thenselves, 

we s h a l l  u t i l i z e  the  apparatus of the theory of l i n e a r  correlat ion.  

A s  t o  the computation of e r r o r s  i n  the c o e f f i c i e n t s  s1, s2, s3 and i n  

t h e  i n t e r p o l a t i v e  anomaly 

the  method of the  solut ion of normal equations, as wel l  as t h e  theory of 

l i n e a r  cor re la t ion  for  many variables.  

an4 p, we 

I n  order t o  demonstrate the  

both metnods ai% iised f o r  thst  nllvnnw y.--r---  - P 

These methods a re  described i n  Romanovskiy's book [3] i n  t h e  

general  case. We s h a l l  describe i n  the next paragraph t h e  formulae and 

t h e  method of computation apr l ied  i n  the current work. 



PO. FUHMULAh U!' 'I'M Mh'I'HUU AWLJAU FUH F L N U l N t i  THK 
INTERPOLATIVE ANOMALY 

AND THE COEFF'ICIENTS Si, S2 AND S3 

I n  regard t o  coe f f i c i en t s  s1,s2, s3 and t h e  quant i ty  , it 
ought t o  be noted t h a t  they may be only obtained with a precis ion t o  

a c e r t a i n  common numerical f ac to r .  Thus, f o r  t h e  purpose of def in i teness ,  

we s h a l l  a l t e r n a t e l y  postulate  the  coef f ic ien ts  a t  M, U, and a a s  eaual 

t o  the  uni ty .  This w i l l  l i b e r a t e  us f r o m  the  just- indicated uncertainty.  

For the  sake of def ini teness ,  l e t  t he  coe f f i c i en t  a t  M by the  

uni ty .  The cases of t he  coef f ic ien ts  equalling t h e  u n i t y  a t  w a n d  & 
- 

a re  examined analogously. 

Thus, we consider the  in te rpola t ive  anomaly of the form: 

We already mentioned, t h a t  f o r  f inding si, s2, s we must f i n d  t 
3 

the  minimum of t h e  sum : 
n I 

(1) by a proper assortment of coef f ic ien ts  s2 

cases the  coe f f i c i en t s  s2 

and s''). I n  nonsingular 3 
a re  found from t h e  equat ions:  (1) 

3 and s 

I Provided these equations a re  wr i t ten  i n  expanded form, we may 

and by the  cha rac t e r i s t i c s  of 
g' Sdg g 

subs t i t u t e  t h e  quan t i t i e s  XM I , 
t h e i r  d i s t r ibu t ions ,  i .e .  by means-square def lec t ions  61 62 and 63 

respec t ive ly ,  and t h e  coef f ic ien ts  of mutual co r re l a t ion  
~ 

r12, r21, r23 , 
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and r These d i s t r i b u t i o n  charac te r i s t ics  a re  found by the 
1 3  31. 

r 

following formulae : 

n n n 

n 

Then our eauations ( 9 )  take the form : 

The solut ion of eua ions (ll), or, what i s  the same, of equa- 

t i o n s  (10) o r  ( 9 ) ,  i s  wri t ten i n  t h e  form: 

where Dik i s  the substance of t h e  cofactor:  

S imi la r ly  resolved is  the  problem in tne  case when the ccef f i -  
- 

c i e n t s  i n  t h e  in te rpola t ive  anomalies are taken as u n i t i e s  a t  W and a .  
The following formulae a re  then obtained : 



where 

p2 = Sl"M+ 0 + srq, 
p 3  = s13)M+ Sf)" + @, 

(14) 

I 

42)=0-2.  01 0 2 2 '  0 1 2 .  s(2) 3 = m a .  0s 0 2 2 '  D, '(16) 

,I"'="".%. 01 D.3' s(")=%.% 2 a2 Dmn' (17) 

As may be eas i ly  seen, the three regression equations we obtained 

a r e  inckpendent, and t h a t  i s  why there  w i l l  be t h ree  in t e rpo la t ive  ano- 

m a l i , ? s  and not one. These a re  determined by the  formulae: 

(1) (1 1 s2 and s a re  the  

f o r  
3 

t3y t h e i r  meaning i t s e l f  , these q u a x t i t i e s  

substance of t he  regression coef f ic ien ts  of the quan t i t i e s  Wand 

Using these  formulae one may compute one of our elelvents by the  

w i l l  d i f f e r ,  general ly  speaking, f r o m  those given i n  t h e  u t i l i z e d  t ab le .  

The def lec t ions  of t h e  computed values from the  given ones w i l l  be  cha- 

r ac t e r i zed  by the  mean quadratic def lect ions x,, x,, and 2 respec t ive ly  

f o r  M y  13 a n d z .  

3 
It i s  well  known from t h e  theory of l i n e a r  co r re l a t ion  



f o r  many var iab les  t h a t  they may be found i n  t h e  following manner : 

are  cofactors  of the  elements of determinent1s main D22’ D33 where Dll, 

diagonal (13). 

After t h i s  it i s  su f f i c i en t  t o  mult iply these mean auadra t ic  de- - 
f l e c t i o n s  by t h e  quant i ty  /*\in order t o  obtain t h e  mean quadrat ic  

e r r o r  per  weight u n i t  respect ively i n  the  condi t ional  equations: 

”- 

provided the  quan t i t i e s  siA) ( k  = 1, 2, 3; i = 1, 2, 3; i # k )  I are considered 

as those searched f o r ,  whi le  m ,%oand  b& are taken from t he  Table (6).  

Having found the mean square e r ro r  per  uni t  of weight it i s  not 

d i f f i c u l t  t o  compute the  mean scarare e r ro r s  of the  coe f f i c i en t s  s1 (k) . 
To do t h i s  we s t i l l  must know t h e  weight of our unknowns. If we transform 

the  formulae of the weights of our unknowns derived from the theory of 

normal equations, we sha l l  obtain,  by introducing i n  these formulae the  

UJ-3 J 2 - + - 4 ~ - , + 4 n -  U A  L U U V L U I A  n h - * q - + o r i s t i r e  bIIcLI uu VVI-Y ---I of t,he quan t i t i e s  M, G, and & : -. 
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Then, t h e  mean square e r r o r s  of t h e  regression coef f ic ien ts  a re  : 

( i = l ,  2, 3; k = 1, 2, 3). 

It i s  easy t o  see t h a t  the whole of the just-described method 

is  v a l i d  not only f o r  t h e  case of three var iables ,  but  a l s o  f o r  the case 

of any nuniber of var iables ,  f o r  i n  the l a t t e r  case a l l  formulae from (3)  

through ( 2 7 )  are e a s i l y  generalized. 

# 7 . R E S U L T S  OF COMPUTATIONS.  C O R R E L A T I O N  
COEFF I C  IZNTS 

Passing t o  the review of t h e  concrete results of our computations, 

we s h a l l  begin with the cor re la t ion  coeff ic ients .  The p a r t i a l  cor re la t ion  

coef f ic ien t  between t h e  q u a n t i t i e s  M and & resu l ted  greater  f o r  a l l  t h e  

t e n  minor planets ,  than the two remaining two p a r t i a l  correlat ion coeff i -  

c i e h s .  The former differs from t h e  u n i t y  by two mil l ionths  ( f o r  Hygiea) 

i n  the worst case. This should not be the cause f o r  surpr ise ,  f o r  the  

q u a n t i t i e s  M and vary almost proportionally t o  the time. A s  t o  t h e  

remaining p a r t i a l  cor re la t ion  coef f ic ien ts  between M and a, w and a, 
they a r e  obtained notably d i f fe ren t  from the unity. The numerical values 

of the  obtained cor re la t ion  coef f ic ien ts  a r e  given i n  page 23. 

- 

- 

The f a c t  t h a t  the  p a r t i c l  correlat ion coeff ic ient  r12 was obtai-  

ned pos i t ive ,  and r - negative, shows t h a t  the  per ihe l ia  of a l l  t e n  

minor p lane ts  move counterclockwise if one looks from the  northern pole 

of J u p i t e r ' s  o rb i t .  A t  the same t h e  f o r  th ree  of t h e  t e n  p lane ts  the 

23 
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1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 

corre la t ion  coe f f i c i en t s  r12 and r re su l t ed  smaller than 0.7. 

This i s  so because the course of secular va r i a t ion  of W i s  d is tor -  

23 

fctc5 . . . . . . . .  
PLUCt5 . . . . . . . .  
f l u l o .  . . . . . . .  
La+. . . . . . . .  
hi-  . . . . . . .  
kcde . . . . . . .  
rbm. . . . . . . .  
nc+ . . . . . . . .  

J p 3 .  . . . . . . . .  

H#*". . . . . . . . .  

t e d  by various short-per iodical  osc i l la t ions ,  and a l so  by the  errors 

i n  the  very determinations of  elements of t he  a s t e ro ids '  o rb i t .  

I I I I 

f0.914415 
0.830808 

+0.751090 -+ 0.777383 + 0.559132 
+0.783003 + 0.494859 

I ra3 
I 

-0.914470 
-0.830902 - 0.972812 - 0.790837 - 0.287046 - 0.751126 - 0.772215 I -0.559708 - 0.783308 I -0.496041 

r31 . I 

- 0. - 0. - 0. - 0. - 0. - 0. - 0. - 0. - 0. 
' -0 .  

I I 
I t 1 

# 9. RESULTS OF COMPUTATIONS OF INTERPOUTORY AN9MP.LIES 

By the s t rength  of the  indicated causes, and a l so  because of 

a comparatively small va r i a t ion  of h ,  the  regression coe f f i c i en t s  at- w 

i n  the in t e rpo la t ive  anomalies pl and p2 a re  un re l i ab ly  determined, 

j u s t  a s  are the  regression coef f ic ien ts  M a n d n i n  the  expression f o r  

kz. These expressions f o r  the  in te rpola t ive  anomalies pl, p2, and k3 
i n  t he  numerical form,are wr i t ten  as follows ( t h e  respect ive mean square 

e r r o r s  i n  the regression coef f ic ien ts  a r e  i n  parentheses ; xi (i = l,2,3 ) 

are the  e r r o r s  i n  the  in te rpola t ive  anomalies) : 

( I n  the  Table which follows the mean square e r r o r s  
a r e  given a t  in te rpola t ive  arnmalies. As t o  t h e  way 
t o  compute them, i t  w i l l  be examined i n  the next 
paragraph) 



MEAN SQUARE ERElORS AT INTERPOLATIVE ANOMALIES - 

Jf+ 1. Uepepa fc-crpcsy 
3690 = M + 0.67 (+ 0,25) o + 2.5725 (& 0.0003)G; 

4ooO=:3.5 (k1.0) M+w+8.7(*3.0)~; 
1536 = 0.38830 (+ 0.00005) M + 0.26 (+- 0.09) a +a 
4500 = M + 2.31 (+ 0.73) o + 2.5707 (f 0.00025) 9; 

1750 = 0.38899 (+ 0.00005) M + 0.89 (+- 0.139) o + q; 
3820 = M + 1.22 (+ 0.58) o + 2.7184 (3- O.OOO55) a; 
1400 = 0.36785 (+ O.ooOo7) M + 0.45 (+ 0.20) PI + @ 

4400 = M + 2.7 (+ 1.7) o + 3.2684 (+ 0.0012) a; 
1100 = 0.24 (+ 0.15) M + o + 0.79 (+ 0.48)g; 
1350 = 0.30596 (+ O.OOO11)M + 0.83 (f 0.5) o + 

@ 2. nannana I PIJLLA~) 

600 0.077 (+ 0.032) M $- co + 0.198 (+ 0.086)Q; 

pb 3. H)tiona ( E L I N O )  - 
120 = 0.031 (+ 0.015) M -1- o + 0.09 (+ 0.04) a; 

4. Becia ( V E ~ T ~  

M 5. ACTPHI A5TRe A )  

370 = M - 0.8 (+ 0,4) o -/- 2.8660 (+, 0.00023) g; 
250 = - 0.14 (& 0.07) M -+ (D - 0.4 (f 0.21) a; 
130 = 0.34892 (+ O.OOO3) M - 0.29 (f 0.14) o + 

fi 6. re6a ( H 
m=M+0.6(+ 1.5)10+3.1390(+ 0.0007) 
270 = 0.03 (+ 0.07) M + o + 0.08 (+ 0.22) 9; 
190 = 0.31857 (+- O.ooOo7) M + 0.19 (2 0.47) (D +a; 

Ns7 hPHA4 I l < l S j  

5100=M-43.3(f 11.7)r+3.083(f0.011)~; 

1660 = 0.3275 (f 0.0036) M - 14.0 (& 3.9) (0 + 8; 
1580=M+5.3(+_ 11)~+3.6324(+O.OO7)~; 
320 = 0.45 (f 0.3) M + o + 1.64 (+ 1.0) q; 
436 = 0.2573 (& 0.0005) M + 1.46 (+_3.0) (0 +a 
200 = M + 19 (+ 12) o + 3.2137 (+ 0.0015) 9; 

10 = 0.06 (+ 0.04) A4 + o + 0.20 (f 0.12) 61; 
62 = 0.31 1 17 (& O.OoO15) A4 + 6 (+ 4) o + g; 

1080 = M + 1.43 (& 0.8) (O + 2.1291 (f 0.W) a; 

15 = - 0.01 10 (& 0.0043) M + (D - 0.0333 (+ 0.0042) a; 
% 8. @nopa ( Flora)  

% 9. MeTHna c plj,, 

M 10. XHrHeR 1 HY6l E A )  

358 = 0.448 (+- 0.14) M + 0 + 0.95 (+ 0.3) 8; 
506 = 0.46968 (+ 0.00023) M + 0.67 (f 0.21) o +a; 

Xi = 0,75 
Cp = 1.7 
x 3  = 0.29. 

r, = 1.1 
= 0.27 

E3 = 0.57 

x, = 1.0 

x 3  = 0.34 
Xz = Q.16 

Ci = 2.4 
C2 = 0.70 
E3 = 0.72 

e, = 0.43 
C2 = 0.18 
23 = 0.15 

1.6 
z, = 0.35 
E3 0.51 

Zi = 30.6 
= 0,223 

x 3  = 10.0 

Xi = 10.7 
X2 = 3.1 
X3 = 2.8 

81 4 0.36 

E2 = 0.02 
e, = 0.11 

Xi= 6.3 
e, = 1.9 
E3 = 1.6 
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# 9. COMPUTATION OF DISPERSIONS OF INTERPOLATIVE 
ANOMALIES 

The dispersion of the in te rpola t ive  anomaly 2 i s  obviuosly 

ecrual t o  the  uuant i ty :  
n 

g - 
Introducing i n t r  # s $ p r e s s i o n  i n  place of Mg, ug and a, 

1 t P  

we s h a l l  have: t h e i r  ecruivalents H + ~ M ~ ,  x d'torj and a- 

or 
g=1 

Thus, t he  dispers ions of in te rpola t ive  anomalies B1, P2 andP3 are 

eaual  respec t ive ly  t o  the  m a n t i t i e s  zl, and% . 
#lo. DISCUSSION OF THE RESULTS OF COMFVTATION OF 

INTERPOLATIVE ANOMALIES 

The above-presented mater ia l  provides t h e  p o s s i b i l i t y  of reaching 

I a s e r i e s  of conclusions. I 

Let us  examine i n  t h e  first place t h e m s t i o n  of the comparative 

q u a l i t y  

d e r e d  1 7  Fnor planets .  

of the  obtained in te rpola t ive  anomalies f o r  each of the  consi- 

It i s  mcst na tu ra l  t o  take a s  the  c r i t e r i o n  of t h i s  comparative 

q u a l i t y  the degree of s a t i s f ac to ry  fu l f i l lmen t  of t h e  "near-constancy" 

requirement f o r  the in te rpola t ive  anomaly within t h e  examined time i n t e r -  

v a l .  A s  t o  i t s  m a n t i t a t i v e  charac te r i s t ic ,  one may take the  degree of 



closeness t o  t h e  uni ty  of t h e  general cor re la t ion  coeff ic ient .  If we 

designate by 

c i e n t s  f o r  rhe in te rpola t ive  anomalies p1,p2 and ,b3 , 
fomulae  expressing them through p a r t i a l  cor re la t ion  c o e i f i c i e n t s :  

Rl, R 2  and R3 the  respective general cor re la t ion  coeff i -  

we may derive 

as t h i s  i s  being done in  t h e  theory of l i n e a r  cor re la t ion  f o r  many 

var iab les  (see f o r  example the  book by Romanovskiy L3j).  

It is c l e a r  from these formulae, t h a t  the grea te r  %?the 
\ 

grea ter  w i l l  be the corresponding t o t e l  correlatior. coef ' icient l?,i . but  

We thus  may alreaily e s t i m n t e  t h e  m a l i t y  01' interpolat ive ano- 

malies by the  p a r t i a l  correlat ion coeff ic ients  themselves. Looking over 

the  Table of these coef f ic ien ts ,  given i n  #7, we see t h a t  t h e  correla- 

t i o n  coeff ic ient  r exceeds t h e  remaining r and r f o r  a l l  the  

t e n  minor planets .  We conclude on the bas i s  of formulae (30) and (31) 

t h a t  the t o t a l  correlat ion coeff ic ient  R must be smaller than the re- 

maining R1 and R Th i s  leads us  t o  conclude t h a t  t h e  first and t h e  

t h i r s  in te rpola t ive  anomalies a re  b e t t e r  f o r  the  first t e n  as te ro ids  

31 1 2  23 

2 

3' 

examined by us, than the second in te rpola t ive  anomaly. 

Further,  the a t t e n t i o n  i s  cal led t o  the  f a c t  t h a t  t h e  mean- 

squaremrrors  of the coef f ic ien ts  a t  to exceed t h e  corresponding mean- 

square e r r o r s  for  the coef f ic ien ts  e t  M and R. 
- 



.. 
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Jus t  a s  t h e  preceding one, t h i s  f a c t  i s  explained by the  irre- 

gu la r i ty  of t he  motion of t he  per ihel ion and by e r ro r s  i n  the determi- 

nat ion of t he  quant i ty  a. - 
The closeness of the  coeff ic ients  a t  i n  the first anomaly, 

and near M i n  the t h i r d  anomaly t o  the d i r e c t  and inverse ratios of 

t h e  mean motions of Jup i t e r  and of the  a s t e r o i d  i s  a l s o  explained by 

t h e  same f a c t .  Besides, through more elaborate study of t h e  r e s u l t s  

obtained one may see, t h a t  within the  l i m i t s  of coef f ic ien t  e r rors ,  the  

l a t t e r  a r e  proportional t o  one another i n  the f irst  and t h i r d  interpola-  

t i v e  anomalies, j u s t  a s  a r e  the  in te rpola t iue  anomalies themselves. 

This too  i s  explained by t h e  above-described cause. 

I n  order t o  obtain a more complete representat ion on the  qua- 

l i t y  o f t h e  in t e rpo la t ive  anomalies constructed by us, it i s  i n t e r e s t i n g  

t o  compare them with those anomalies, which were u t i l i z e d  f o r  minor 

p lane ts  under the  denomination of IIDelaunay anornaliesll . 
#11. COMPARISON OF INTERPOLATIVE ANONALIES WITH THE 

DEMUNAY ANOMALIES 

We s h a l l  designate a s  the asculating Delaunay anomaly, or 

sinrple ttDelaunay anomalyt1, t he  auantity : 

- 
A=qi-M+qzQ; (32) 

where the  coe f f i c i en t s  q2 and q1 are  r e l a t ed  among themselves as  the 

m e a n  motions of t he  a s t e ro id  and of JuDi t e r ,  while the  mean motion of 

t h e  forrner i s  taken f o r  a spec i f ic  osculation epoch. If we take f o r  

t h a t  osculat ion epoah the  i n i t i a l  osculation epoch from Table 1, 



we s h a l l  ob ta in :  

Ceres n : r q  2 0572987 
Euno nj: n 0 . 367661 
Astrea nj :  n 0 . 34846 2 
Pa l las  n : nj 0.57277 

Hygiea nj: n 0.469701 

Vesta n : n j  3 26911, 
Hebe nj: n 0 3W-59 

Because of the  absence of a s u f f i c i e n t  number of systems 

of osculat ing elements, such calculat ions have not been made f o r  Flora  

and Metis. For Iris the  mean motion f o r  t h a t  epoch i s  ?-very unrel iably.  
d e t e r  ined 

To corn2are the  in te rpola t ive  anomaly with the Delaunay anomaly, 

we s h a l l  examine the  dispers ions of both these anomalies. The disper- 

s ion of the l a t t e r  i s  equal t o  t h a t  of the  ouant i ty :  

o r  

and 

It i s  obvious t h a t  the  dispersion of t h e  in t e rpo la t ive  ano- 

maly p = slM + s 2 w  + s t i s  errual t o  the  dispers ion of the auant i ty  : 3 

a s  we already had t h e  opportunity t o  see it i n  # 9 .  The only th ing  t h a t  

remains i s  the comparison of botn w a n t i t i e s  (33) and ( 3 7 ) .  
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It i s  most appropriate t o  p l o t  these values i n  a graph. A l l  such 

graphs a r e  presented a t  t h e  end of the paper. It i s  obvious t h a t  only 

the  first and the  t h i r d  in te rpola t ive  anomlaies may be compared with 

the Delaunay anomaly. But f o r  a b e t t e r  propor t iona l i ty  of the l a t t e r ,  

providing a grea te r  f a c i l i t y  i n  graph construction for ce r t a in  planets ,  

t he  Delaunay and t h e  in te rpola t ion  anomalies were compared i n  the form: 

3u t  f o r  other  minor p lane ts  it WPS done i n  t h e  form: 

These graphs c l e a r l y  show that  the in te rpola t ive  anomalies 

a r e  more constant quant i t ies ,  than the Delaunay anomalies. 

I n  conclusion, t h e  author wishes t o  express h i s  gra t i tude  t o  

his s c i e n t i f i c  guide - Professor N. D.Moiseyev, who provided him with 

valuable ind ica t ions  i r  t h e  course of the completion of the present  

work, and who a l s o  contributed t h a t  valuaDle mater ia l  on the  systems of 

osculat ing elements for minor planets, from which the  above-expounded 

r e s u l t s  have sprung. 

THE END 

Translated by ANDRE L. BRICHANT 

f o r  t he  

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION. 
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